Abstract
Introduction
Suppose we have Ò elements on the real line, each moving continuously according to some polynomial function of degree ×. How many times can the -th smallest element change over time?
We can state this natural question more precisely in geo- The motivation comes from several directions. First of all, our problem is among the simplest in the combinatorial analysis of so-called "kinetic data structures," an area that has received much recent attention, dealing with the maintenance of structures of objects in motion [8, 26] ; in particular, there is a direct relevance to the study of kinetic and parametric minimum spanning trees [21, 27, 31] (see below). Generally, arrangements of curves and surfaces have for a long time been a central topic in computational geometry [4, 18, 19, 28, 40] , and levels in arrangements have been used in the design of algorithms for range searching [3, 14] , geometric optimization with violations [23, 34] , and partitioning of point sets [12, 33] (see the surveys [4, 6, 28] and the books [18, 35, 36, 40] for more details).
History. The -level has a reputation of being one of the more difficult substructures of arrangements to analyze, even in the simplest case of lines (× ½) in the plane, where in the dual, it is known more famously under the name of the -set problem (given an Ò-point set È in the plane, bound the number of subsets of size that can be formed by intersecting È with a halfplane). In the early 1970s, Erdős et al. [22] and Lovász [32] started the investigation by establishing a nontrivial Ç´Ò Ô µ upper bound and an ª´ÒÐÓ µ lower bound, but an improvement did not come until 1989, when Pach, Steiger, and Szemerédi [37] managed to reduce the upper bound by a small ÐÓ £ factor. In 1997, a breakthrough Ç´Ò ½ ¿ µ upper bound was obtained by Dey [16] with a short elegant proof; Dey's result remains the current record.
Like the classical proof, Dey's proof generalizes to any arrangement of 1-intersecting curves, commonly called pseudo-lines [18, 25] , as shown by Tamaki and Tokuyama [42] . Both proofs can also be adapted for an arrangement of line segments, the latter yielding an Ç´Ò ½ ¿ «´Ò µµ bound, as shown by Agarwal et al. [1] , where «´¡µ denotes the inverse Ackermann function. (Note that the worst-case complexity of the 1-level, i.e., lower envelope, of Ò line segments is ¢´Ò«´Òµµ [40] .) Whether the same bound holds for an arbitrary arrangement of pseudosegments (1-intersecting curve segments) appears to be open, because as noted by Agarwal et al., the known techniques apply only to a special class of pseudo-segments which we call extendible pseudo-segments (see Section 2) .
Analyzing the -level complexity for more general families of curves appears even more challenging, as the preceding techniques simply fail. The first nontrivial result for quadratic functions (× ¾µ was obtained only in 1995 by Tamaki and Tokuyama [43] . They proved a theorem on how to cut an arrangement of pseudo-parabolas (2-intersecting curves) into an arrangement of pseudo-segments. When combined with the classical result for pseudo-lines, this theorem allows them to derive a subquadratic Ç´Ò ¾¿ ½¾ µ bound on the -level of pseudo-parabolas. With Dey's improvement [16] and the " -sensitizing" techniques by Agarwal et al. [1] , the bound can be directly reduced to Ç´Ò µ.
Unfortunately, one cannot derive nontrivial -level bounds for general ×-intersecting curves for × ¿ or higher with this particular approach, because as Tamaki and Tokuyama [43] observed, the worst-case bound for cutting an arrangement of 3-intersecting curves into a pseudosegment arrangement is quadratic. Perhaps because of this, there has been no successful attempt since on further generalization (despite the need in some of the above-mentioned applications).
Regarding worst-case lower bounds for the -level of ×-intersecting curves, no better results are known other than Klawe, Paterson, and Pippenger's bound of Ò¾ ª´ÔÐÓ µ for pseudo-lines (× ½) from the 1980s [18] . Toth [44] recently proved a lower bound of the same form for lines.
New results. The first result of this paper is an Ç´Ò ½ ¿ «´Ò µÐÓ ¾ ¿ µ bound for the -level of an arbitrary arrangement of Ò pseudo-segments. Our approach is to cut such an arrangement into an arrangement of extendible pseudo-segments, for which we can apply the known bound; the method of cutting is quite simple and is based on a segment tree. Along the way, we describe a simple characterization, of independent interest, for when a family of pseudo-segments is extendible.
Our newfound observations on pseudo-segments also allow us to improve Tamaki and Tokuyama's bound for the -level of pseudo-parabolas further to Ç´Ò ÐÓ ¾ ¿ µ.
Our main contribution, though, is the first subquadratic combinatorial result on the -level of degree-× polynomial functions for any fixed constant ×. The bound is Ç´ ×´Ò µ ¾ ¾ ¿ × ÐÓ µ, where ×´¡ µ is an almost linear bound on the complexity of the lower envelope [40] . The approach is also by cutting the arrangement, but despite the aforementioned problem with this approach, we circumvent it curiously by exploiting the analytical properties of the curves rather than the combinatorial properties alonea sharp departure from earlier proofs (× ½ or ¾) where all results for degree-× polynomials (linear or quadratic functions) adapt to arbitrary ×-intersecting curves (pseudo-lines or pseudo-parabolas). Our idea is surprisingly simple: cut the arrangement of the derivatives of the functions recursively; at each step, we apply Tamaki and Tokuyama's cutting theorem for pseudo-parabolas, together with random sampling.
Despite the weak exponent ¾ ¾ ¿ × in our -level bound (which we have not seriously attempted to reduce in the interest of keeping the simplicity of the proof), our work is important because it opens up many nontrivial combinatorial questions about arrangements of curves in the plane that previously we were not ready to raise. Traditionally, most studies in arrangements of curves assume only an ×-intersecting condition, but our work indicates interestingly that polynomial curves and general ×-intersecting curves can have quite different combinatorial characteristics.
Applications. Our approach gives new results in a number of related problems as well. For instance, we obtain new bounds for the complexity of nonoverlapping pseudoconcave chains in an arrangement of curves. By known reductions [21, 27] , this leads to a subquadratic upper bound (in the number of edges) on the number of changes to a parametric minimum spanning tree (or more generally, a parametric matroid optimization) if the edge weights vary polynomially in time. We also derive the first subcubic bound on the number of changes to a Euclidean minimum spanning tree of Ò linearly moving points in any fixed dimension [31] .
Other related work. The algorithmic problem of constructing the -level of lines and curves has been examined by many researchers; for recent work, see [13, 29] . Thelevel problem in three dimensions has also received consid-erable attention in the linear case (arrangements of planes or triangles); see [1, 7, 9, 17, 20, 30, 41] . A nontrivial combinatorial bound for hyperplanes in higher dimensions was known [45] . However, there has so far been no successful generalization to families of nonlinear surfaces.
In contrast, tight worst-case bounds on the 1-level, 2-level, . . . , -level combined are easier to obtain. An Ç´Ò µ bound for lines was well-known [5, 24] . Clarkson and Shor [15] gave a proof by random sampling that extends to higher dimensions. As shown by Sharir [39] , this proof also yields an Ç´Ò «´Ò µµ bound for pseudo-segments, and an Ç´ ×´Ò µ ¾ µ bound for general ×-intersecting curves.
Extendible pseudo-segments
Agarwal et al. [1] observed that the classical proof for the -level of lines can be modified to yield an Ç´Ò ¿ ¾ µ bound for the -level of Ò line segments. They remarked that the same result can be obtained for a family of pseudo-segments (1-intersecting curve segments), provided that the following additional criterion holds: we can find a curve (the "extension") through each of the given curve segments such that the resulting family of curves is a pseudo-line family. We call such a family of pseudo-segments extendible. Not every family of pseudo-segments is extendible; see Figure 2 (a) for a minimal counterexample. With the discovery of Dey's improved bound for -levels and a certain lemma of Tamaki and Tokuyama [43] on pseudo-lines, we now have an Ç´Ò ¿ µ bound for thelevel of any arrangement of Ò extendible pseudo-segments. This is the starting point for all our -level results. However, for forthcoming applications, we need to make this bound sensitive to the number of intersections, as stated in the theorem below. We give a simple proof inspired by one of Tamaki and Tokuyama [43] , using divide-and-conquer by slabs. (Alternatively, we can use divide-and-conquer by random sampling; for example, see the proofs of Theorem 5.1 and Theorem 7.1.) 
The theorem follows by setting
The original proof by Tamaki and Tokuyama [43] implies a weaker bound of Ç´AE ·AE ½ ¿ ¾ ¿ µ but does not require extendibility. It uses the known result for pseudolines rather than pseudo-segments, but this requires partitioning the plane by vertical lines at every endpoint (in other words, we have to set ½).
Tamaki and Tokuyama's proof thus implicitly gives an Ç´Ò ¿ µ bound for the -level in an arrangement of Ò arbitrary pseudo-segments (plug in AE Ò and Ç´Ò ¾ µ).
We will give a better result in the next section.
Pseudo-segments
To obtain a good bound on the -level of general pseudosegments, we cut the arrangement in such a way that the result from the previous section can be applied. Cutting the arrangement (an idea from Tamaki and Tokuyama's paper [43] ) simply means selecting a set of cut points and breaking each segment into subsegments at those incident cut points. Clearly, the -level remains unchanged except for the addition of superfluous vertices.
We first characterize when a family Ë of pseudosegments is extendible. Define a directed graph ´Ëµ as follows: the vertices are pseudo-segments in Ë, and there is an edge between × ½ and × ¾ whenever two pseudosegments × ½ and × ¾ intersect; the edge is oriented aś To prove the "if" part, let be a topological order of ´Ëµ (i.e., a total order on Ë such that for each´× ½ × ¾ µ ¾ ´Ëµ, we have × ½ × ¾ ). Take any segment × ¾ Ë. We will extend it at either endpoint while maintaining the pseudosegment property and ensuring that remains a topological order of ´Ëµ. We can now give a simple sufficient condition for when pseudo-segments are extendible. Some terminology first:
the Ü-interval of a pseudo-segment refers to the range of its Ü-values; two intervals cross if their interiors intersect and one is not contained in the other. 
¾
Our key result regarding pseudo-segments can now be proved by a standard segment-tree idea [38] . Proof: Given Ò intervals, the standard tree construction gives us a collection of canonical subintervals, no two of which cross, such that each interval can be partitioned into Ç´ÐÓ Òµ canonical subintervals. Apply this observation to the Ü-intervals of the pseudo-segments, break the pseudo-segments at the corresponding Ü-values, and invoke 
Pseudo-parabolas

Extendible pseudo-parabolic segments
A family of extendible pseudo-parabolic segments refers to a family of 2-intersecting curve segments where we can find a curve through each of the given curve segments such that the resulting family of curves is a pseudo-parabola family. Trivially, Tamaki and Tokuyama's theorem applies to cutting an arrangement of extendible pseudo-parabolic segments (by cutting their extensions), so roughly the samelevel bound as Corollary 4.1 holds.
For the purpose explained in the next section, however, we need the following intersection-sensitive version of Tamaki and Tokuyama's cutting theorem. We prove this by divide-and-conquer via a well-known random-sampling technique (specifically, the proper term for the required construction is an intersection-sensitive´½ Öµ-cutting, as described in [11] ). 
¾
We omit discussion of general pseudo-parabolic segments, as this case is not needed in the sequel.
Polynomial curves
Logically, the next step is to consider arbitrary ×-intersecting curves for × ¿, but generalization of the preceding techniques is hindered by the following disappointing observation made by Tamaki and Tokuyama [43] :
although it is possible to cut any ×-intersecting curves into subquadratically many´× ½µ-intersecting curve segments for any even constant ×, the same is not true for odd values of ×. It is easy to construct, for example, a family of Ò 3-intersecting curves that requires ª´Ò ¾ µ cuts: just take an arrangement of Ò lines and modify the neighborhood of each intersection point so that we see three intersections instead.
However, if one attempts to draw the above worst-case example, one would discover that a large number of "oscillations" must occur in its curves-a suggestion that perhaps the example cannot be realized by low-degree polynomials like cubics. Indeed, this is the case. The following lemma tells us, for instance, that we can cut cubic functions into pseudo-parabolic segments, simply by cutting their derivatives (which are quadratic!) into pseudosegments by Tamaki and Tokuyama's theorem. 
Other applications
Given an arrangement of curves (or curve segments), a chain is a connected subset of the union that intersects each vertical line at most once. A point Ú is a vertex of the chain if around Ú, two different curves (curve segments) appear on the chain; say the one appearing to the left of Ú is × ½ and the one appearing to the right of Ú is × ¾ . If immediately to the left of Ú, × ½ is below × ¾ , then Ú is said to be a pseudoconcave vertex of the chain. If all of its vertices are pseudoconcave, then the chain is pseudo-concave. A collection of chains is nonoverlapping if each pair intersects only at a discrete set of points.
Agarwal et al. [1] observed that the complexity of the -level can be bounded by the complexity of a nonoverlapping collection of (pseudo-)concave chains. In fact, Dey's breakthrough [16] was in part inspired by this point of view; his proof yields a tight Ç´Ò ½ ¿ · Ò ¾ ¿ ¾ ¿ µ bound for nonoverlapping concave chains in an arrangement of lines (or pseudo-lines, with the lemma by Tamaki and Tokuyama [42] ). We will show that our level bounds can be carried over to this more general problem as well for the curve families we have considered. First, we need to make Dey's bound intersection-sensitive with the following analogue of Theorem 2.1. This time, the proof requires the random-sampling approach. In the following, a chain is proper if its leftmost point is an endpoint. 
¾
When we cut an arrangement, the cut chains remain nonoverlapping and pseudo-concave. To make chains proper, we can cut the arrangement at each of their leftmost points (extendibility is maintained Standard reductions [21, 27, 31] reveal a connection of the multiple pseudo-concave chain problem to an important graph problem, studied by Gusfield and others: bounding the number of changes to the minimum spanning tree in a graph with parametric edge weights, or more generally, the minimum-weight basis in a parametric matroid. For the case of linearly varying weights, Dey's bound [16] gives Ç´ÑÒ ½ ¿ µ (which matches a lower bound by Eppstein [21] for the matroid generalization of the problem); here, Ñ is the number of edges and Ò is the number of vertices. The geometric version of the above problem, i.e., minimum spanning trees of moving points in a fixeddimensional space, has also generated much interest. Applying Corollary 7.4 with observations made by Katoh, Tokuyama, and Iwano [31] , we get the first subcubic result: The most noteworthy case of the above is perhaps the Euclidean minimum spanning tree of linearly moving pointś Ô ¾ × ½µ, where Corollary 7.5 gives a bound of Ç´Ò ¾ ¾ «´Òµ ÐÓ ¾ ¿ Òµ-the first improvement over Katoh, Tokuyama, and Iwano's Ç´Ò ¿ ¾ «´Òµ µ bound [31] .
(Tamaki and Tokuyama [43] were unable to obtain such an improvement because their result on multiple chains for pseudo-parabolas was too weak.)
For recent algorithms on the parametric/kinetic minimum spanning tree problem in both its graph and geometric settings, see [2, 10] .
Open problems
We close with some interesting questions.
1. Can we improve the Ç´Ò ÐÓ Òµ bound for cutting pseudo-segments into extendible pseudo-segments, or is there a superlinear lower bound?
2. Can we improve Tamaki and Tokuyama's Ç´Ò ¿ µ bound for cutting pseudo-parabolas (or perhaps, actual axis-aligned parabolas) into pseudo-segments? If so, the exponents in our bounds can be immediately reduced. Tamaki and Tokuyama observed an ª´Ò ¿ µ lower bound [43] which holds for parabolas. 5. Finally, can we obtain nontrivial bounds on thelevel for a more general class of curves beyond polynomials? Fixed-degree algebraic curves are of particular interest. Our proof works only if after taking a constant number of derivatives, we get a pseudoparabolic arrangement; for instance, we don't see how to generalize our result to rational functions or parametrically defined polynomial curves. With the failure of the cutting approach, the question for arbitrary ×-intersecting curve families remains as perplexing as before. Can we prove a lower bound better than Toth's [44] for curves?
